Introduction
Fermat's Little Theorem, one of the most important results in elementary number theory, states that if p is prime, then
for all integers a. This result gives us the rudimentary Fermat Compositeness Test: If a n ≡ a (mod n) for some integer a, then n is composite. While this has the advantage of being computationally simple, it has the distinct disadvantage of failing for some composite n and choice of a. Take, for example, n = 341 = 31 · 11 and a = 2. A quick computation tells us that 2 341 ≡ 2 (mod 341). Fortunately, we can also choose a = 3 to get 3 341 ≡ 168 (mod 341), thus proving that 341 is composite. We cannot always be so lucky. There are some composite n which fail this test no matter how we pick a. A Carmichael number is a composite integer n such that a n ≡ a (mod n) for all integers a. The smallest such number is 561. The existence of Carmichael numbers means that the converse of Fermat's Little Theorem fails. Even worse, the fact that there are infinitely many Carmichael numbers [1] means that the converse fails rather spectacularly. On the bright side, one can completely characterize all Carmichael numbers using Korselt's Criterion.
Theorem 1.1 (Korselt's Criterion).
A composite integer n > 1 is Carmichael if and only if n is squarefree and p − 1 | n − 1 for all primes p | n.
Fermat's Little Theorem can be generalized to prime ideals in the ring of integers of an algebraic field. A natural question to ask is whether or not an analog of Carmichael numbers exists in such rings. We answer in the affirmative and generalize Korselt's Criterion to completely characterize what we call Carmichael ideals. In particular, we investigate when Carmichael numbers in Z generate Carmichael ideals in abelian extension fields of Q.
Finally, we generalize Fermat's Little Theorem to Galois number fields in such a way that the converse holds true. More specifically, we prove that an odd composite number n cannot generate a Carmichael ideal in all Galois number fields. In particular, we show that n is not Carmichael in all quadratic extensions of Q. This argument depends on picking a number field K whose discriminant shares a common factor with n, but in certain cases we can show that n is not Carmichael in infinitely many quadratic number fields with discriminant relatively prime to n. In general this is not true, and we give an explicit example due to Howe of an integer n which is Carmichael in all quadratic number fields having discriminant relatively prime to n. However, we show that for every n there are infinitely many abelian number fields K with discriminant relatively prime to n such that n is not Carmichael in K. Finally, we show that if n is the product of at least three distinct primes, then there are infinitely many cyclotomic fields of prime conductor in which n is not Carmichael and n is relatively prime to the discriminant.
Extension Fields
Let K be a number field (i.e., a finite extension field of Q), and let O K denote the ring of algebraic integers in K. If p is a non-zero prime ideal in
where N(p) = |O K /p|. This follows from the fact that nonzero prime ideals in O K are maximal and thus the quotient O K /p is a field. Therefore, the set of nonzero elements of O K /p forms a group under multiplication. Equality (1) now follows from Lagrange's theorem. As is the case in Z, the converse of (1) is not true: there exist composite ideals for which (1) is satisfied for all α ∈ O K . For example, 561 is not only Carmichael in Z, it is also Carmichael in the ring
We define Carmichael ideals as follows:
Definition 2.1. Let K be an extension field of Q and let n be a composite ideal in O K . We say that n is Carmichael in
Remark. If a Carmichael ideal n has norm N(n) > 2, then N(n) is odd: simply take α = −1.
A natural question to ask is whether or not we can characterize Carmichael ideals with something along the lines of Korselt's Criterion. The following result answers this question affirmatively:
. n is squarefree, and
Proof. We begin with the easier direction: Suppose for all p | n, we have
Using the fact that n is squarefree and applying the Chinese Remainder Theorem, we have α
* is the multiplicative group of a finite field, and therefore has an element of order N(
Finally, we show that n is squarefree if it is Carmichael. Suppose we have a prime ideal p such that p 2 | n. 2 ) * with order p. This yields a contradiction, since the fact that n is Carmichael implies that α N(n)−1 ≡ 1 (mod p 2 ), but p N(n) − 1. Therefore, n is squarefree.
Remark. The usual version of Korselt's Criterion follows from Theorem 2.2 by considering K = Q.
An immediate consequence of the Generalized Korselt Criterion is the following generalization of Fermat's Little Theorem:
for all α ∈ O K . In particular, the ideal pO K is either prime or Carmichael.
Proof. Since p Disc(K), and K/Q is Galois, we have (p) = p 1 · · · p r , the product of distinct prime ideals each with norm N(
. Therefore, the ideal (p) satisfies the generalized Korselt Criterion and the theorem is proved.
The nice thing about this generalization of Fermat's Little theorem is that the converse is actually true! That is to say, if n is Carmichael in all Galois extensions K such that n Disc(K), then n must be prime. In fact, we prove that quadratic extensions suffice. 
Proof. If n is not squarefree, then the ideal (n) is never squarefree in any abelian extension K and thus cannot be Carmichael by the generalized Korselt Criterion.
On the other hand, suppose n is the product of distinct primes. Then n must have an odd prime divisor. Fix an odd prime p dividing n, and let K = Q( (−1) (p−1)/2 p). As p ramifies in K, we have (p) = p 2 and thus the ideal (n) in O K is not squarefree. Therefore, n is not Carmichael in K. Furthermore, Disc(K) = p so n Disc(K).
More generally, the above argument shows that a number n will fail to be Carmichael in any number field K such that (n, Disc(K)) = 1. In particular, a composite number n will not generate a squarefree ideal in O K if a prime factor of n ramifies in K. Note that the condition p Disc(K) in Theorem 2.3 has two possible generalizations for composite n. We can require, as in the case of Theorem 2.4, that n Disc(K), or we can impose the stronger requirement that n is relatively prime to Disc(K). In certain cases, we can show that n is not Carmichael in infinitely many quadratic extensions with discriminant relatively prime to n. Theorem 2.5. Suppose that n is odd, squarefree, and that
Then there exist infinitely many quadratic fields K = Q( √ d) such that (n, Disc(K)) = 1 and n is not Carmichael in K.
Proof. Consider the set S of integers d satisfying 1. d is relatively prime to n/p 2. d is a quadratic non-residue modulo p
d ≡ 1 (mod 4)
These conditions are simply congruence relations modulo n/p, p, and 4, respectively. By hypothesis, n/p, p, and 4 are relatively prime, thus the Chinese Remainder Theorem implies S has positive density. Now consider the set S ⊆ S of elements which are squarefree. We claim that this set is nonempty. Indeed, any element d of S can be written as d = e · f 2 , where e, f ∈ Z and e is squarefree. Observe that e satisfies conditions (1)-(3) and so e is an element of S . If S were finite, then S would be contained in the set {s · f 2 |s ∈ S , f ∈ Z}, which has density 0. Therefore, S is infinite. Fix d in S , and let K = Q( √ d). The prime p remains inert in K, and thus p = (p) is prime, divides (n), and has norm N(p) = p 2 . Therefore, N(p) − 1 = p 2 − 1 does not divide n 2 − 1 = N(n) − 1 and by the Generalized Korselt Criterion, n is not Carmichael in K. Moreover, Disc(K) = d is relatively prime to n.
Thus we see that if n satisfies (2), then n fails to be Carmichael in a much larger set of quadratic number fields than just the ones for which (n, Disc(K)) > 1. This theorem is illustrated by the following example: ] and does not divide Disc(K) = 13, we have proven that 561 is composite. Furthermore, 561 is relatively prime to 13, so we have proven the compositeness of 561 without explicitly using a prime factor of 561 in the computation.
Unfortunately, it is possible for a composite integer n to be Carmichael in all quadratic extensions K having discriminant relatively prime to n. If n is composite and p 2 − 1 | n 2 − 1 for all primes p | n, then n is Carmichael in all quadratic number rings with discriminant relatively prime to n. In fact, a more general statement is true: Theorem 2.7. Suppose n is squarefree and that p i − 1 | n d − 1 for all primes p | n and all 0 < i ≤ d. Then if K/Q is a degree-d extension with discriminant relatively prime to n, n is Carmichael in K.
Proof. If n is relatively prime to Disc(K), then none of the prime factors of n ramify in K. Therefore, the ideal (n) is squarefree. Let p be a prime ideal dividing (n). If (p) = p Z is the prime lying below p, then we have that p|n and N(p) = p s for some 0
In the case of quadratic extensions, it is possible to give examples of composite n which satisfy the conditions of Theorem 2.7. Howe gives n = 17 · 31 · 41 · 43 · 89 · 97 · 167 · 331, which is also an example of what he calls a rigid Carmichael numbers of order 2 [4] . In fact, Howe's rigid Carmichael numbers of order d are exactly the composite n that satisfy the conditions of Theorem 2.7.
We will show that even if n is a rigid Carmichael number of order 2, it fails to be Carmichael in some higher degree abelian extensions with discriminant coprime to n. On the other hand, heuristics in [4] suggest that there are infinitely many rigid Carmichael numbers of order d for any d ≥ 2. If n is a rigid Carmichael number of order d then Theorem 2.7 implies that n is Carmichael in all number fields of degree ≤ d with discriminant coprime to n. However, Theorem 3.1 (below) shows that for any composite n, we have infinitely many number fields in which n is not Carmichael and the discriminant is relatively prime to n.
Cyclotomic Fields
The abelian extensions of Q are precisely the subfields of cyclotomic fields. We have shown that a generalization of Fermat's Little Theorem is true for Galois number fields, as long as the prime p doesn't divide the discriminant of the number field. We have also shown that the converse of this generalized Fermat's Little Theorem is true, and that a composite number n will fail the first part of the Generalized Korselt Criterion in infinitely many quadratic extensions. Now, using subfields of cyclotomic fields, we show any composite number n will fail the second part of the Generalized Korselt Criterion in infinitely many abelian number fields. In particular, we have the following theorem:
Theorem 3.1. Let n be composite. Then there exist infinitely many abelian number fields K such that n is relatively prime to Disc(K) and n is not Carmichael in K.
In order to prove this theorem, we require a few lemmas. . If H ≤ G is the subgroup of order
, then the image of n generates the quotient group G/H.
, where a is relatively prime to d. The order of n in G/H is the smallest integer k such that n k ∈ H. If k is the order of n in G/H, then
Therefore, the order of n in G/H is d and thus the image of n generates G/H. Lemma 3.3. If n ∈ N is divisible by at least two distinct primes, p and q, then there exists d 0 such that
Proof. Bugeaud, Corvaja, and Zannier show that (
Proof. By hypothesis, n has at least three prime factors, so by Theorem 3.5 some prime p | n is a primitive root for infinitely many primes q. By the Generalized Korselt Criterion, n is not Carmichael in K. Therefore, n is not Carmichael in infinitely many cyclotomic extensions with discriminant relatively prime to n.
It is a well-known fact that Carmichael numbers in Z are divisible by at least three distinct primes. Therefore, we see all composite n fail to be Carmichael in at least one cyclotomic field.
Corollary 3.7. Let n be a composite integer. Then there exists at least one cyclotomic extension of the form K = Q(ζ q ), where q is prime, such that n is relatively prime to Disc(K) and n is not Carmichael in K.
Proof. If n is a prime power, then n is not squarefree and thus is never Carmichael in any number field. If n is the product of two distinct primes, then n is not Carmichael in K = Q(ζ 2 ) = Q, which has Disc(K) = 1. If n is the product of at least three distinct primes, then Theorem 3.6 gives us the result.
